F0R8TTH f has recently discussed at some length the construction and the geometric meaning of the differential invariants of a surface and of space, i. e., the differential invariants of binary quadratic differential forms and of ternary quadratic differential forms of class zero.
It may not be amiss to point out that the methods of Ricci's J Absolute Differential Calculus render unnecessary much of the complicated calculation which occupies so large a part of Forsyth's memoirs on this subject, and which, in his opinion § offers an insuperable obstacle to further progress by the methods he has used.
The problem of the determination of the invariants of quadratic differential forms consists of two parts : first, tbe reduction of the problem to one in the theory of tbe projective invariants of algebraic forms ; and second, the solution of the problem thus reduced. Now the first and more difficult of these two problems has been solved once for all by the introduction by Christoffel || and Ricci ^[ of the process of covariantive differentiation.
Forsyth has recognized the double nature of the problem, and has devoted a considerable portion of his memoirs on the subject to the solution of the first part as a necessary prelude to the investigation of the second part.
This solution, by means of partial differential equations, he has carried out with much skill, although hampered by the use of the wholly unsuitable notation of Zorawski * which effectually conceals the greater part of the symmetry of the problem.
The result of this part of his work is the introduction of new variables which differ but slightly from the multiple-index symbols of Christoffel and the covariant derivatives of Ricci.
This result could, however, have been foreseen, and the reduction to the algebraic problem immediately written down, by making use of a theorem due to Ricci. * As to the details of Forsyth's work the following may be said : (1) The fundamental magnitudes P, Q, R, S; a, ß, 7, 8, ef are simple combinations of covariant derivatives of the fundamental magnitudes L, M, N. The new relations J between the magnitudes /, M, N; P, Q, R, S and the quantities E, F, G and their derivatives are but the first of a series of such relations, infinite in number, which are directly obtainable by successive covariantive differentiation of the relation of Gauss, (12, 12) LN-M2 -a~J = ËG^F2
(.-»-*•>■ ((12, 121) , (12,122))( * f.
(2) In the determination of the invariants, or rather differential parameters, of the third order for the ternary form, Forsyth introduces new variables a", etc., which are closely related to the covariant derivatives of the function <p. The resulting equations are then simplified by the use of the fact that the fourindex symbols, or the quantities t),, • • •, Oe, which differ from them by the factor A 6 / 9 f c only, vanish because the form is of class zero, i. e., reducible to the type dx2 -f dy2 -f dz2*\. Had the covariant derivatives instead of the functions a", etc., been used this restrictive simplification would have been unnecessary. *Ricci and Levi-Civita. loo. cit., p. 162. tForsyth, loo. cit., vol. 201, p. 334. X Forsyth, loc. cit., vol. 201, p. 401. §Fobsvth, loo. cit., vol. 201, p. 399. || Cf. HA8KIN8, these Transactions, vol. 3 (1902) , p. 87. The invariant in question is a solution of the four equations (28) there given.
Forsyth's work on the ternary form in so far as it relates to the reduction of the problem to one in algebraic forms, has been wholly anticipated by Ricci* who has shown that for the unrestricted form, the invariants and parameters sought are invariants of the system consisting of the fundamental form ds2, the forms whose coefficients are the covariant derivatives of 4>, and a form whose coefficients an form the covariant system reciprocal to the contra variant system ¿t m (r + l,r + 2,«+l,« + 2) # Kia¡»assl New Bedford, Mass., August 27, 1906.
* Ricci and Levi-Civita, loo. cit., pp. 162, 163.
